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Abstract 

A argument is described for how deformed or doubly special relativity (DSR) may 
arise in the semiclassical limit of a quantum theory of gravity. We consider a generic 
quantum theory of gravity coupled to matter, from which we use only the assumption 
that a Hamiltonian constraint is imposed. We study circumstances in which A, Gn 
and h all may be separately neglected, but there may arise terms in the ratio of particle 
energies to Mpi = ^JhjG which are small but measurable. Such cases include probes 
of an order Mp\ energy dependent speed of light such as are possible in experiments 
such as MAGIC and GLAST. We show that in such cases the leading order effect of 
quantum gravity will, if certain scaling relations are satisfied, be to deform the metric 
in the effective Hamiltonian of the matter quantum field theory by terms linear in 
X energies. As the Hamiltonian constraint has been imposed there can be no 
preferred time coordinate or frame of reference, hence this is a modification rather 
than a breaking of special relativity. 
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1 Introduction 

Deformed or doubly special relativity (DSR) is a phenomenological proposal for how 
quantum gravity may leave an imprint on special relativistic quanttim field theory in the 
limit that the familiar effects of gravity are neglected[l, 2, 3]. It exploits the fact that there 
is a natural energy and distance scale, the Planck scale, associated with quantum gravity. 
The question which DSR addresses is whether, since gravity is a universal phenomena, 
there might be some universal deformation of quantum field theory parameterized by 



constant may survive in the limit in which h and G are both taken to zero. This would 
leave us with a low energy theory with a symmetry group that preserves not only an 
observer independent velocity, c, but an observer independent energy, Mpi. Furthermore, 
the relativity of inertial observers is kept, there is no breaking of Lorentz invariance and 
no preferred frame or tensor fields. In some versions of DSR, this invariant energy, Mpi is 
also the highest attainable for a single quanta (although, obviously, not for a total system.) 

The proposal of DSR is especially significant because it is experimentally accessible [4]. 
DSR theories come in a number of versions and, generically, predict that the speed of a 
photon depends on its energy, E. This can be made sense of exactly because the con- 
stant Mpi lets the dimensionless velocity of a photon depend on the dimensionless ratio 
It is expected that the now orbiting GLAST satellite may be able to observe such a 
variation[5], and there is even a first claim of a possible observation of this effect by the 
MAGIC collaboration[6]. Given the evidence against Lorentz symmetry breaking, from 
recent AUGER observations[7], as well as previously, DSR would be the only explana- 
tion were a variation of the speed of photons with energy observed, consistent with the 
full range of known experimental results. 

There are a number of indications in the literature that DSR does arise in the low en- 
ergy limit of quantum theories of gravity. The best understand case is that of quantum 
gravity in 2+ 1 dimensions, where it has been understood for some time that DSR actually 
characterizes the scattering of classical point particles when coupled to classical general 
relativity in 2 + 1 dimensions[8]. This arises because of the situation, special to 2 + 1 di- 
mensions, that ^ already has dimensions of mass. More recently Freidel and Livine have 




One reason to expect this may be the case is that this 
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demonstrated that a form of DSR arises as the low energy approximation to quantum 
gravity coupled to matter fields[9] 

While the first argument does not apply in 3 + 1 dimensions, it is not so easy to pin the 
second result on a fact that does not extend from 2 + 1 to 3 + 1 dimensions. It is possible to 
imagine a calculation like that of Freidel-Livine working in 3 + 1 dimensions, and this has 
motivated a certain line of work since. However, as this rests on technical issues, it is of 
interest to see if there may be a direct, physical argument, that can lead to the conclusion 
that DSR is to be expected to arise from a low energy approximation to quantum gravity 
in 3 + 1 dimensions, or explain to us why that is unlikely. At the very least, one would 
like an argument that isolates what has to be true of a quantum theory of gravity coupled 
to matter, for DSR to so arise. 

One approach^ to such an argument was provided in [10]. This provided a criteria for 
DSR to arise, which concerned the scaling of certain composite operators in the matter 
theory. However, this result can also be criticized as being insufficiently general, as it 
made use of the connection representation of the theory, associated with loop quantum 
gravity and spin foam models. The aim of this letter is then to sketch another, apparently 
independent, approach to the same question, that is more general, and uses only basic 
features we expect to hold in any quantum theory of gravity. 

Here is an outline of the basic idea that will be described here. We start from the 
assertion that to derive a proper semiclassical limit from quantum gravity we have to 
start with a nonzero^ cosmological constant A [11]. This is motivated by the observation 
that L = functions as an infrared cutoff for a quantum theory of gravity. It may then 
be that quantities of interest in quantum gravity are naturally finite when A is non-zero, 
and depend on the dimensionless ratio To define the phenomenological consequences 
of quantum gravity in regimes where A may be neglected we then have to carefully study 
the limit A ^ 0. 

Some evidence that this limit is involved in DSR was given in [12]. This rests on the 
fact that the re-Poincare algebra, which is a quantum deformation of Poincare symme- 
try associated with DSR. can be understood as the A ^ limit of the quantum group 
SOq{3,2). Here q must be chosen to scale as a certain function of the cosmological con- 
stant. 

^ , 67r 

However, results from LQG show that this is exactly how q does depend on A. 

In 2 + 1 dimensions this leads directly to the deformation of Poincare symmetry found 
independently by other methods. In 3 + 1 dimensions it leads to the same scaling criteria 
for DSR to be relevant as was found in [10]. 

A basic question any derivation of DSR from quantum gravity must answer is how 
the dependence in just the energy gets into the metric or the deformation of geometry. 



^Another approach is described in [14]. 

^Below, assume that A > 0, but I know of no reason the argument would not work for negative A. 
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In other words, how can there arise quantum corrections that neither satisfy nor break 
Poincare invariance, but instead deform it? 
The answer is in three steps: 

• STEP ONE: In the quantum gravity theory the different components of the Ein- 
stein's equations G^^, — ^g^^y = GT^i, are not treated in the same manner. The Gqo 
components make up the Hamiltonian constraint and the Gqi components make up 
the diffeomorphism constraints. These are then imposed exactly in the quantum 
theory In the path integral formulation these are imposed as (5— functionals, so the 
path integral is only over histories where the constraints are satisfied at all times. 
This is not true of the Gij components of the Einstein's equations which are true 
only in the classical limit. This is why Too can play a preferred role in the semiclas- 
sical limit. 

• STEP TWO: The Hamiltonian constraint can be solved at each time for the confor- 
mal factor of the spatial metric, (p, where the metric is decomposed as 

ds'^ = -Ndt^ + Nadtdx" + (eV^*+^5„b + hab)dx''dx^ (2) 

where and A^" are the lapse and shift and hab is a traceless symmetric field repre- 
senting the gravitational degrees of freedom. 

The Hamiltonian constraint, expressed as an equation for 0, tells us that on each 
history in the path integral is determined in terms of the other degrees of freedom 
by an equation of the form = — G ^^^a where Too is the sum of the energy momen- 
tum tensors of the matter and graviton degrees of freedom. This tells us that when 
the hamiltonian constraint is imposed the effective metric is of the form 

rKt—Q -^00 

ds^ = -Ndt^ + Nadtdx" + (e^ ' ^(^a6 + hab)dx''dx^ (3) 

• STEP THREE: In the general case the last expression means that the effective low 
energy metric has no symmetries. But let us consider special cases in which the 
matter fields are in a state where the Too is homogeneous. In this case the symmetry 
algebra is not broken, it is deformed. We get a realization of DSR in the form in 
which the metric is energy dependent. 

This is the basic idea. To see how it is realized we make two more passes through 
the idea, the first at an informal level, the second in the context of the path integral for 
quantum gravity. 



4 



2 Informal argument 

We consider gravity with positive A coupled to a very light matter jfield, ^. In the semi- 
classical limit we can write the spacetime metric in the flat slicing of deSitter spacetime 
as 

ds^ = -df + e^i'+^5abdx''dx^ (4) 

where is a small perturbation that carries the gravitational potential. Since it is a small 
perturbation it satisfies the linearization of the Hamiltonian constraint, which in the pres- 
ence of a cosmological constant A = is 

(V^ + = Gp (5) 

where p is the matter energy density. In the semiclassical limit of a quantum theory of 
gravity this relation becomes 

(V^ + |)0 = Groo (6) 

where T^j, is the energy-momentum tensor operator of the matter quantirai field theory. 
This implies that also must be represented by an operator in the matter quantum field 
theory defined by 

Suppose the matter field is in a state |^ >e 7^"^"**er 'j]tien the effective metric is 

{i\ds^\i) = -de + e^*^''^^'^^'^^5„;,cix«c^x'' (8) 
Now let us put the matter field into a one particle state | k > defined by 

H\k) = hwk\k) (9) 
where H is the matter field Hamiltonian. We then expect that 

Toolk) = ^\k) (10) 

since the cosmological constant functions like an infrared cutoff. Furthermore, since the 
state is a plane wave there is no spatial dependence (in the flat slicing of deSitter) so the 
terms in vanish. 

We then have an effective metric operator gnv{ijo) given by 

/A"j._i_ '^Gl^'^k 

{k\ds^\k) = -dt^ + e^^^^^Sabdx'^dx^ (11) 
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Now we want to take the limit A ^ 0. We have to remember that so far all quanties in the 
quantum field have been bare quantities. Hence is the bare, unrenormalized frequency 
of the quantum field. We know that I pi is the ultraviolet cutoff and L = A~2 is the infrared 
cutoff. Hence we expect to define a renormalized energy or frequency 

= Z{^)ur (12) 

We expect 

Z{^) = i^T (13) 
To some power n to be determined so that the limit A ^ exists. We notice that 

{k\ds''\k) = -dt" + e^'+^^'^^^'-^Saj^dx^dx^ (14) 

We see that for the limit to exist n < 1. If we choose the limiting value n—1 we have in 
the limit A ^ 0. 

{k\ds^\k) = -dt^ + e^P''^''5abdx''dx^ (15) 

This is a form of an energy dependent metric that gives an energy dependent speed of 
light. Its symmetry group is an energy dependent formulation of DSR as given in [2] and 
[13]. 

Why is this a realization of DSR and not broken lorentz invariance? The reason is that 
the Hamiltonian constraint has been implemented and that generates the gauge trans- 
formations that correspond to arbitrary changes in the slicing of spacetime, or choice of 
time coordinate. Thus, there can be no preferred time coordinate or slicing, hence Lorentz 
invariance will not be broken in the regime we have been describing. 

For n < 1 we simply get instead the Minkowski metric. Thus we see that the deriva- 
tion of DSR appears to involve a critical choice of the scaling of the energy in the presence 
of the gravitational field. This was the case also in [10] and [12]. 



3 Path integral derivation 

We can reproduce the informal argument just given via a path integral argument. We 
consider gravity with positive A coupled to matter fields ^ and iIj. We will be interested 
in effects of excitations of ^, the other field ip goes along for the ride indicating test fields. 
The full form of the path integral is formally 

Z(J)= y"%^(i^#e*^^^'^'^^+'^^^<^(gauge fixing) Deti^p (16) 

We will proceed by expanding around deSitter spacetime and then take the limit A ^ 0. 
We are only interested in the leading terms that survive this process. We decompose the 
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metric according to (3). As we are interested in just first order terms that arise in the 
expansion around deSitter spacetime for small A we write the lapse as 

N^No + n (17) 

n and the shift N°- are first order fields. 

We convert the path integral to phase space form and then expand around deSitter 
spacetime, keeping only leading terms.This means that we integrate over first order de- 
viations n, N"- and hab as well as the momentum fc"*. We also introduce the momentum tt 
and P for ^ and ijj. We have 

Z{J) = J dn dN"" dcf) dhab dip dh'^'^dndPS (gauge fixing) Detpp 
Here we have written the Hamiltonian constraint as 

C = Cgrav + 2^00 + ^00 = (19) 

to show the separation of terms for pure gravity and the two matter fields. 
To linear order we have 

Cgrav ^{V' + ^)<l> (20) 

It is convenient to separate A;"** into its trace and tracefree parts k, and to impose the 
gauge fixing terms 

k^Q, Vh"^ = (21) 

To this order we also have Va — S/"-kab where indices are raised and lowered by the 
background deSitter metric. 

We then integrate over the shift A^" and perturbation of the lapse n to find the path 
integral in the form 



:( J) = J dcf) dhl^ dC dip dk^dirdP 



S{{V' + ^)cp + To^o + Tto ) S{V^ka,)5{k)5{V^hab)DetFP 
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We now integrate over the (p to solve the linearized Hamiltonian constraint. This gives 

Z{J) = J dh^J di dip dk^di^dP 5{V''kab)5{k)5{V''hab)DetFP 

_^ ^i{k''''Kb+<+Pi,-No{Cgrav+T^o{9)+T*^{9))+JO\ ^ ^ (23) 

' ^00+^00 



where the last notation indicates that everywhere the metric occurs in the above expres- 

sions we substitute the conformal factor by — "" J, • As we are working only to 

linear order when we do this we use the background metric with = in the expressions 
for the energy momentum tensor and V. This is indicated by g*^. 

We are not interested in the couplings to gravitons, and their interactions so we ignore 
and drop all terms in hat and k^. We are expanding around a background deSitter space 
which by itself solves Cgrav — 0. In the gauge we are using A^o = 1- So we are left with 
simply 

Z{J) = J d^c^dndP 

e*K+-PV'-(T«o+ro*)+J?)| ^ (24) 

We can now integrate out the momentum of the matter fields. We can assume that the 
matter fields have the standard forms wheras Too is the same as H with momentum sub- 
stituted for time derivatives. We then have 

Z{J) = /(/e#e'^'^''^'^°''^'| rO«+TO* (25) 

That is, we recover the matter quantum field theory, but on an energy dependent 
metric defined by 

ds'^ = -dt^ + ' ^o+t Sabdx^dx'' (26) 

From this point the argument follows the logic of the section above. We see that even 
when h and G can be seperately neglected there is a residue from quantum gravity which 
can effect the matter quantum field theory. This is given by the modified, energy depen- 
dent metric above. Its effect on the matter quantum field theory can then be represented 
by an effective Hamiltonian in the Fock space of the matter quantum field theory, ^o- This 
is given by the formula 

Ho{g') ^ H^ff = ^o(^) (27) 

Here, g is an operator in the matter Fock space representing an effective energy dependent 
metric, which is given by (8). In the case that we act on a matter plane wave state , this 
gives (11), 

ds^\iP) = (^-df + e^'^'^)5abdx''dx^^ IV^) (28) 

We now take the limit A ^ on a basis of plane wave states. When the limit is taken as 
described above we reach the form (for the critical case n — 1) 

ds^lij) = (-de + e^^'^°Sabdx''dx^^ (29) 
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That is, the effective spatial part of the metric is now an operator, given by 

qab = Sabe'^-^^" (30) 

This gives a universal modification of the matter perturbation theory. For example, we 
note that one consequence is that the scalar field propagator is modified so that 



^2 _ p2 _ ^2 _ p2^-lpiE _ 

Thus, the residue left by quantum gravity is to deform the metric and make it en- 
ergy dependent. We note that this must be a deformation rather than a breaking of the 
Poincare algebra as it arose from the implementation of the Hamiltonian constraint, hence 
a preferred frame cannot have been introduced. 

We also note that the derivation assumes that there are not other quantum gravity 
effects that must be taken into account in the effective Hamiltonian. This requires that 
the total energy be small compared to the Planck energy. As a result, the derivation, as it 
stands, does not address the issue of what happens for states with energy large in Plank 
units. 



Perturbation theory in the presence of the deformed metric 

We can easily see that the gravitons can play the role of the matter field in deforming the 
background metric. Let us go back to (18) but include the second order term in gravitons 
in the expansion of the Hamiltonian constraint. In place of (20) we have 

C,.„. = (V^ + ^)0 + G4 (32) 

where Too is the quadratic term in h of the energy-momentum pseudo-tensor of the grav- 
itational field. This functions just like the energy momentum tensor of the graviton field. 
The path integral then treats the gravitons like a matter field. The partition function (22) 
now has the graviton term added 



Z{J) = J d(t)dhl^ didip dk'^dT^dP 



_^ ^i(k-''Kt,+-ni+Pi,-No(Cgrav+GT^o+GT^o+GT^^)+JO (33) 

Integrating over (j) we have now 

Z{J) = J dhl^ di dip dk^d-KdP 6{V''kab)8{k)6{V''hab)DetFP 

^^{k''^Kb+^i+P■,p-No{Cgrav+GT^{g)+GT^o(9)+GT^o)+'^0\ ^ ^ ^ (34) 

l^^_g ^OO+^00+"00 
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Thus, we see that the gravitons also propagate on the deformed, energy dependent 
spacetime geometry. 

4 Conclusions 

We have presented here the outline of a derivation oi DSR from quantum gravity. It 
points to a new kind of modification or deformation of quantum field theory in which 
new non-linearities are introduced by making the metric of the background spacetime 
dependent on the energy density or total Hamiltonian of the original, non-gravitational 
quantum field theory. 

We showed here that this proposal follows from three assumptions. First that the limit 
of quantum gravity in which h and G are both small, is to be taken in such a way that their 
ratio, Mpi is held fixed. Second, that the quantum gravity theory must be defined with A 
fixed, and the limit of A ^ taken carefully and, third, that for leading order effects in 
these limits, the Hamiltonian constraint of the quantum gravity theory can be imposed in 
the Hilbert space of a matter quantum field theory, making the gravitational potential an 
operator in the matter Hilbert space. An argument for the latter was given in terms of the 
semicassical limit of the path integral in a quantum gravity theory. 

This argument provides a justification for the view that DSR may be understood as an 
energy dependent deformation of the geometry of spacetime, in the limit that gravity is 
turned off [13]. It also explains what the energy is in that proposal: it is the total Hamilto- 
nian of the matter quantum field theory, without taking gravity into account. While this 
is helpful, more work is clearly needed to develop the implications of this hypothesis and 
work out the details of the modifications of quantum field theory sketched here. 

Important issues remain to be addressed, including the soccer ball problem and the 
issue of the effect of any non-localities. At the same time, the sketch of a derivation given 
here suggestions new approaches to resolving these issues. The first priority remains the 
experimental test of the basic prediction of DSR, which is an energy dependent speed of 
light, while maintaining the relativity of inertial frames. 
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